Abstract: High-temperature plastic flow is the underlying process that governs the product quality in many advanced metal manufacturing technologies, such as extrusion, rolling, and welding. Data and models on the high-temperature flow behavior are generally desired in the design of these manufacturing processes. In this paper, quantitative constitutive analysis is carried out on 3Cr-1Si-1Ni ultra-high strength steel, which sheds light on the mathematic relation between the flow stress and the thermal-mechanical state variables, such as temperature, plastic strain, and strain rate. Particularly, the hyperbolic-sine equation in combination with the Zener-Hollomon parameter is shown to be successful in representing the effect of temperature and strain rate on the flow stress of the 3Cr-1Si-1Ni steel. It is found that the flow stress of the 3Cr-1Si-1Ni steel is significantly influenced by strain. The strain-dependence on flow stress is not identical at different temperatures and strain rates. In the constitutive model, the influence of strain in the constitutive analysis is successfully implemented by introducing strain-dependent constants for the constitutive equations. Fifth-order polynomial equations are employed to fit the strain-dependence of the constitutive constant. The proposed constitutive equations which considers the compensation of strain is found to accurately predict flow stress of the 3Cr-1Si-1Ni steel at the temperatures ranging from 800 • C to 1250 • C, strain rate ranging from 0.01/s to 10/s, and strain ranging from 0.05 to 0.6.
Introduction
In the advanced metal manufacturing technologies, high-temperature plastic flow is widely utilized as the underlying physical processes for various purposes including rolling [1] , extrusion [2] , and welding [3] . Fundamental knowledge on the flow behavior of metal and its alloys at high temperatures is of critical importance in the understanding of the thermal-mechanical processing condition during the high-temperature plastic flow, in order to support the design and optimization of the metal processing technologies. Generally, constitutive analysis of the flow behaviors, which sheds quantitative light on the relation between the flow stress and the thermal-mechanical state variables, such as temperature, plastic strain, and strain rate, is desired as the knowledge basis for development and investigation of processing technology of advanced metals/alloys. This is also the case for ultra-high strength steels. 3Cr-1Si-1Ni is a newly developed medium alloyed ultra-high strength steel. In order to obtain high strength and toughness, the elements such as Cr, Ni, Mo, Mo, Si, W, V, Nb, and others are used, while Co is avoided to reduce cost. The existence of these alloy elements and their carbides lead to significantly enhanced mechanical toughness. On the other hand, the fact that the carbides may retain at elevated temperatures make the high temperature flow behavior of 3Cr-1Si-1Ni a very complex problem. In these regards, the comprehensive constitutive analysis on the flow behaviors of the 3Cr-1Si-1Ni ultra-high strength steel is greatly required to clarify its flow behaviors at high temperatures.
In the previous studies, efforts have been paid to the constitutive analysis for different metals and alloys, especially the constitutive equations for accurately predict the flow stress at different thermal-mechanical conditions. Sellars and McTegart [4] proposed a constitutive equation for hot deformation, in which the Arrhenius equation is combined with a hyperbolic-sine equation in describing the non-linear relation between the flow stress, temperature, and strain rate. This constitutive equation has long been employed for modeling different metals [5, 6] , which was comprehensively reviewed by McQueen and Ryan [7] . The equations have proven to be able to model the flow stress in different deformation stages, such as the peak stress and the steady state stress. It has been shown to be important to include the influence of strain in the constitutive model, especially when the model is applied in the analysis of the complex material processing [8] . Sloof et al. [9] proposed the concept of introducing a strain-dependent parameter in modeling the flow stress of Mg-Al4-Zn1 alloy to include the influence of the strain on the flow stress at high temperatures. In more recent studies, Lin et al. [10] proposed a modified constitutive equation hyperbolic-sine, in which the activation energy and constitutive constants are conducted as a function of strain. In more recent studies, the modified constitutive equation by Lin et al. [10] has been demonstrated to be successful in modeling the high-temperature flow behavior of different metallic materials, such as steels [11] [12] [13] , magnesium alloys [14] [15] [16] , aluminum alloy [8, 17, 18] , titanium alloy [19, 20] , copper alloy [21] , and metal matrix composite [22, 23] . We note that most of the published works are phenomenological or empirical in considering the influence of strain on the flow stresses. It is also worth noting that the continuous research interests has brought out new physical based constitutive models in the very recent studies [24, 25] . However, to the best of our knowledge, very limited investigation has been reported on the ultra-high strength steel. More investigation is needed to conduct constitutive analysis on the ultra-high strength steel in order to advance the understanding of the high temperature flow behaviors of different types of metals/alloys.
In this paper, we aim to conduct the constitutive analysis on the recently developed 3Cr-1Si-1Ni ultra-high strength steel. The relation between the flow stress and the thermal-mechanical factors is quantified. First, a series of hot compression tests were carried out to cover wide material flow conditions, in which the flow stress, temperature, strain, and strain rate are measured and recorded. Second, the approaches regarding experiments and the analysis of the experimental measured data is described in order to determine the constants in the constitute models, while the compensation of strain is considered. Third, the validity of the obtained constitutive model has been discussed.
Approaches

Experiments
The uniaxial hot compression experiment is carried out by using the Thermal-Mechanical Simulators Gleeble-3500 by Dynamic Systems Inc. (Austin, TX, USA). Cylindrical specimens of Φ10 mm × 15 mm were cut from a forged billet. Similar specimen size was used in the published work [10, 11] . The chemical composition of the 3Cr-1Si-1Ni ultra-high strength steel is shown in Table 1 . The specimens were clamped individually between the two dies. For each specimen, the deformation temperature and strain rate were constant, and the flow stress is recorded as function of strain. A total of 50 specimens were used for the experiments at different temperature and strain rate. The testing temperatures were design to range from 800 • C to 1250 • C with an interval of 50 • C. In the tests, Metals 2019, 9, 42 3 of 10 the temperature of the sample was programed as function of time. The temperature curve is illustrated in Figure 1 . There were two modes in the heating and cooling process in the tests. For the tests in the temperature from 800 • C to 1150 • C, mode-I was used where the specimen was pre-heated up to 1150 • C at the rate of 10 • C/s, after which a hold time at 1150 • C of 180 s was employed. Thereafter, the specimens were cooled down at 10 • C/s to the testing temperature. After a short dwelling for 30 s, the hot compression test was carried out. Mode-II was used for the tests with temperatures from 1150 • C to 1250 • C, the specimen was heated up at 10 • C/s to the testing temperature directly. Before the compression tests, a hold time of 180 s was used. The strain rate was taken as 0.01/s, 0.1/s, 1/s, 5/s, and 10/s, respectively. After the tests, the specimen was quenched with water to room temperature. 
Constitutive Model and Approaches to Determine the Constitutive Constants
In the constitutive model, the analytical equations are used to relate the flow stress to the thermal mechanical state variables. In our analysis, we consider all the thermal-mechanical state variables in the experiment, which are temperature, strain and strain rate. The Zener-Hollomon parameter is used to reflect the effect of temperature and strain rate which is given as [26] :
The hyperbolic-sine function [4] is employed to consider the effects of temperature and strain rate on the flow stress in the constitutive analysis on the high temperature flow behavior of 3Cr-1Si-1Ni ultra-high strength steel. The expression is shown as follows:
where ε is strain rate, σ is flow stress, Q is deformation activation energy (J/mol), R is gas constant (8.314 J/mol/K), T is temperature in K and α , A , and n are adjustable constitutive constants. Equation (2) has proven to be able to model the flow stress in different deformation stages corresponding to different strain levels [7] , such as the peak stress and steady state stress. Therefore, we use Equation (2) to model the relation between the flow stress, temperature, and strain rate at 
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Multiple steps of data processing are utilized to determine the constitutive constants. The process steps are described below.
Step 1. Determination of α. The constant α is a scale factor for the flow stress σ. The value of α has certain range for steels. Typical values of α for steels in the references [11] [12] [13] are taken as the initial range for determination of in this paper. The range is selected to be [0.001, 0.100]. A direct search approach is used to determine the proper value of α. For a specified value of α, we use Step 2 to Step 4 to calculate the parameters of n, Q and A. Thereafter, the residual is calculated to evaluate the quality of fitting process. The value of α is then determined when the residual reaches its minimal.
Step 2. Determination of n. The equation below is obtained from Equation (3):
By using the flow stress σ and strain rate ε at each test with the same temperature, the values of n are determined. By taking average of these values, the value of n is determined.
Step 3. Determination of Q. The thermal activation energy, Q, depicts the variation of flow stress versus temperature. The equation below derived from Equation (3) is employed to get the value of Q by using linear fitting process, which is given as:
By using the flow stress σ and temperature T (in K) at each test with identical strain rate, the values of Q is determined. By averaging of these values for different strain rates, the value of Q is determined.
Step 4. Determination of A. In order to determine the value of A by using a linear fitting process, we use the equation below to calculate A:
By using the Zener-Hollomon parameter Z and flow stress σ at each test with constant temperature, the values of ln A could be determined. By averaging these values for different temperatures, the final value of A is determined. Microsoft Excel was used to calculate the slope by the linear fitting process. A direct search approach is implemented by using the embedded programing tool, Visual Basic for Applications in Microsoft Excel. Figure 2 shows the measured flow stress curve of 3Cr-1Si-1Ni ultra-high strength steel at different deformation temperatures and strain rates in the experiments. In the figure, the experiment data at different deformation temperatures is grouped by the value of strain rate. It could be seen from Figure 2a-e that the flow stress decreases with the increase of deformation temperature at constant strain rate, while the flow stress has a trend to increase with the increase of strain rate. Additionally, the flow stress is also significantly dependent on the strain. For each specimen which is tested at constant temperature and constant strain rate, the flow stress rapidly increases at the beginning of the compression until it reaches~0.2, which is termed as strain hardening. The hardening is generally caused by the accumulation of crystal defects, such as dislocations. When the strain exceeds the value of~0.2, the flow stress curve become relatively flat because of the softening induced by dynamic recovery and dynamic recrystallization. It is worth noting that the strain dependency of flow stress is found to be varying with testing conditions. For example, the measured flow stress at 1050 • C exhibits both strain hardening and strain softening at strain rate of 0.01/s (Figure 2a ) and 0.1/s (Figure 2b) , while continuous strain hardening is present at strain rate of 1.0/s (Figure 2c ), 5.0/s (Figure 2d) , and 10.0/s (Figure 2e ). This might be caused by the competition between the generation of crystal defects and the softening regime. In the metal manufacturing processes, complex accumulation of strain occurs to materials during the processing [27] [28] [29] . In this regard, analysis on the dependency of flow stress on the strain is required in order to understand the flow behaviors of the material during the material processing. This motivates the further analysis of the strain-dependency of the constitutive constants.
Results and Discussion
Measured Flow Stress
strain exceeds the value of ~0.2, the flow stress curve become relatively flat because of the softening induced by dynamic recovery and dynamic recrystallization. It is worth noting that the strain dependency of flow stress is found to be varying with testing conditions. For example, the measured flow stress at 1050 °C exhibits both strain hardening and strain softening at strain rate of 0.01/s ( Figure  2a ) and 0.1/s (Figure 2b) , while continuous strain hardening is present at strain rate of 1.0/s (Figure  2c ), 5.0/s (Figure 2d) , and 10.0/s (Figure 2e ). This might be caused by the competition between the generation of crystal defects and the softening regime. In the metal manufacturing processes, complex accumulation of strain occurs to materials during the processing [27] [28] [29] . In this regard, analysis on the dependency of flow stress on the strain is required in order to understand the flow behaviors of the material during the material processing. This motivates the further analysis of the strain-dependency of the constitutive constants.
Determination of Constitutive Constants
It is known from Equation (3) that the flow stress at a particular strain could be considered as a function of temperature and strain rate. As an example, the flow stresses at the true strain of 0.3 with different temperatures and strain rates are used for calculation of the constants. By using the approach described in Section 2.2, the constitutive constants in Equation (3) are determined. The determined values are = 0.0086805 , = 431,237.6 J/mol , = 5.50294 , and ln = 37.4838 . Figure 3 shows the comparison of the predicted and measured flow stresses in the plot of ln sinh versus 1/ at different strain rates. It could be seen that the Equation (3) with the determined constants is successful in describing the flow stress values. It is clear that the slopes of the lines are almost equal, which indicates that the activation energy for plastic deformation is almost identical at different strain rates. As abovementioned, the thermal activation energy, , is determined as 431,237.6 J/mol. This is comparable, but slightly higher than the thermal-activation energy of other steels, which is 372 kJ/mol for 9Cr-1Mo steel [30] and 387.84 kJ/mol for Fe-20Mn-3Si-3Al steel [31] . 
It is known from Equation (3) that the flow stress at a particular strain could be considered as a function of temperature and strain rate. As an example, the flow stresses at the true strain of 0.3 with different temperatures and strain rates are used for calculation of the constants. By using the approach described in Section 2.2, the constitutive constants in Equation (3) are determined. The determined values are α = 0.0086805, Q = 431, 237.6 J/mol, n = 5.50294, and ln A = 37.4838. Figure 3 shows the comparison of the predicted and measured flow stresses in the plot of ln(sinh(ασ)) versus 1/T at different strain rates. It could be seen that the Equation (3) with the determined constants is successful in describing the flow stress values. It is clear that the slopes of the lines are almost equal, which indicates that the activation energy for plastic deformation is almost identical at different strain rates. As abovementioned, the thermal activation energy, Q, is determined as 431, 237.6 J/mol. This is comparable, but slightly higher than the thermal-activation energy of other steels, which is 372 kJ/mol for 9Cr-1Mo steel [30] and 387.84 kJ/mol for Fe-20Mn-3Si-3Al steel [31] . In the applications of the constitutive model such as the processing models [32] [33] [34] , the flow stress is generally needed to be calculated by using the constitutive model. If all the constitutive constants are already determined, the flow stress at certain thermal-mechanical condition could be determined by the following equation, which is obtained by rearranging Equation (2): In the applications of the constitutive model such as the processing models [32] [33] [34] , the flow stress is generally needed to be calculated by using the constitutive model. If all the constitutive constants are already determined, the flow stress at certain thermal-mechanical condition could be determined by the following equation, which is obtained by rearranging Equation (2):
A parameter σ R is used to replace 1 α . In order to consider the compensation of strain, the constitutive constants for different strains are calculated by the above approach in Section 2.2. The fitted values of constitutive constants in different strains is shown in Figure 4 . These constitutive constants are fitted into fifth polynomial equations of the strain ε, which are expressed as the equations below. The coefficient of the polynomial equations are summarized in Table 2 .
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Verification of the Constitutive Equations
The comparison of the flow stress between predicted by constitutive equations and measured by tests is presented in Figure 5 . The prediction of flow stress at different thermal-mechanical conditions is performed by combining Equations (7)- (11) . Figure 5a shows the comparison between the predicted and measured value of flow stress as a function of temperature at different level of strain rates when the strain is 0.6. The proposed constitutive equations are found to be able to predict the flow stress very well. Figure 5b shows the comparison between the predicted and measured values of the flow stress a function of strain at different strain rate at temperature of 1250 • C. It could be seen that the strain dependency of the flow stress could be captured by the proposed constitutive equations. Additionally, it is confirmed from Figure 6 that the constitutive Equations (7)-(11) in this paper are able to predict the flow stress at the temperatures ranging from 800 • C to 1250 • C, strain rates ranging from 0.01/s to 10/s, and strains ranging from 0.05 to 1.2. In Figure 6 , good correlation between the predicted and measured flow stresses could be found. The relation factor R is as high as 0.994. Therefore, the constitutive equations in this paper are predictive for the high temperature flow behavior of the 3Cr-1Si-1Ni ultra-high strength steel. The constitutive equations have high accuracy and reliability, and can be applied to the field of numerical simulation for the related manufacturing processes such as extrusion [8] . Our thermal-mechanical analysis of the solid state welding processes [32, 35] are also successful examples on application of the obtained results in this work. Furthermore, the deviation between the predicted and measured flow stress could be caused by factors, such as the data scatter in the experiment and the limitation of the polynomial equations in determining the compensation of strain. High-order polynomials might be used to reduce the deviation.
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Conclusions
In this study, we have carried out constitutive analysis on the 3Cr-1Si-1Ni ultra-high strength steel by using experiments and analytical modeling. The conclusions are listed as follows:
(1) The exponent-type constitutive equation, in which the Zener-Hollomon parameter is used to represent the effect of temperature and strain rate on the flow stress. All the material constants are 
(1) The exponent-type constitutive equation, in which the Zener-Hollomon parameter is used to represent the effect of temperature and strain rate on the flow stress. All the material constants are found to be significantly influenced by strain. (2) The influence of strain in the constitutive model is successfully implemented by introducing strain-dependent constants in the constitutive equations. Fifth-order polynomials are employed to represent the influence of strain on the constitutive constants. (3) The proposed constitutive equations which consider the compensation of strain is found to accurately predict flow stress. The constitutive equations have high accuracy and reliability, and can be applied to the field of numerical simulation for the related manufacturing processes.
